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The probles nf propsgation of electromagnetic vaves in a multicondusicr
asyetem [1, 2, 27 is eatablished, a5 we know, by the equations

~2 (V) =[RID +[ L1 (J). —Z(J)=[GIV)HC] 2(v)

o (V) end (J) - colum matrices, vhose elemmts V{Rtent Jy (¥ ) (r=h2y,n)
represent respectivoly thm ‘v'dltage Larelatvion to the neutral comduwotor and
the owrrents in the different conductors; /R_/, [ L/, [G_J and [C_] square
patrises of the order ., of the resista.ss, inductance, oconductivity of in-
sulatcrs and oapacity respectively.

This problam ves etudied by K. Wagner / k_7 vnder the omditgonthhit
m=2,[RI=0,[5]=0 avd thue transfer_cf energy from ome oocuductor to tie
otker 1is unilateral; by L. Ryuley /2 / under the pamditian that/f R /=0,
[6_]=0 and 2-optional, cperation method wse applied; by L. Pipes 37, wo,
under the condition that the line is symmstrized, resolved the problem by ‘seans
vf the definite integral from the Bessel functicr, applying the theary of
natrices and laplece's law; by V. I. Envaleskov [ 5 wvho, with the following
rolation between the parameters of comduotore .

'l?l /RZFL-II / L21= Gz_;lﬂj’”:C;;/C” = 7’11/71 <

demonstrated that the gemeral system «f equation breaks down into ordinaxry
telegraphic eguations, vhun A=2.
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In this vork the case when 72=21s examined. The solutiom of the problem

1s given in contour integrals. "'If AZ-UB is a’complete square, integrals are
expresaed by the Lommel Punction.

1. 16t us examine the ground and two conductors, to both ends of which
are connected receiving - trenemitting apparatus with reed at the nearest ends
(FPigure 1). BSBupposing that .

Vi=u, Ji=na, Vo=, Jzzz‘w‘» Ly=Lyy Laa=l,, L=M

Gu=G,, 622=G2a>» 6= — Ga> C;,=C;; Caa=Cas Crn==C
equations of propagation of electromagnetic waves will be

55 =R tat L T A MY, T UGB G 2
. (1.1)

du . o 3w __Oug - 'u‘ ‘__ 2
“‘5;;—32’333‘4'*“/-2-5& +MSE X 5:.”:3"'5; ar G qa}%‘

’ These equations will be resolved in the intervalid<a¢l with the timet>d
end wnder the initial conditione

y (xaa)—"'%l- (x,O)“O, u&(x,0)=u4(z,0)=0 (1.2)

Geasrally speaking, conditioms limiting the line may be different, and,
o the basis of the Kirchiiof lawa they are given by a gystem of linear differential
equations.

In arder to determine the type of equation (1.1) ve shall establish ths
characteristic form /[ 6_/ with the varisbles y=5/ot, S=8/oz:

Clp=(5+3) (=L ) (5+52 ) (s=5L =0

3=V LG L | L G GGG D

in whiok for 1 =1 there will be & 4-, for i=2, a ~ .

Ve (1.3)

We shal’ fur<uer suppoee that expressions (1.3} ave always real., In
that case, the four roote of the equation of the characteristic come (o ( )
e real and, therefarc, the sywtem of equations (1.1) 1s absolute’r uyperbolis.

The prroblem examinau is related to the composite problems of he second
type: {he initial spadft aro similar, and limit conditions dissimiliar-
(nomstationary problea /6 7). In thie case the solution is found by means of
laplace's law ﬁ,Bj. Multiplying equatioos (1)) by :~F%, sunposing that
Re(p)>0, let us Integrate on t from 0 to oo . Taking In‘o account the
initial comditions (1.2), we shall have for uj an suxiliary system 3f linear
equations with coustant coe®ficienta.

dze = e xz — =
It 2,0+ 2270y =0, T2 W — Wy Ky =0
dEg AT

i, e, =, &g

—W T W, 3, =0 .8

Zy=RePl;s 2:=Ri+pl,, 2, =pM

iy (2,p)= 2)e-r¥,
W,=G',+PC,3 Wa=G, +pC,, Wy = G/;“'PC‘IA Y ST ; Zl.k(z) Je-rtdt

o
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Applying the same transformaticn to the differsntial equatioms establishing “he
limit oonditlons ve shall have . .

Z(0 P)=F,(P~Zy (D E(OP)  BQP=Za(PE(L,P
%3 (0,P)=Fa (P Za) (p) 2y (0P, %l 2P)=Zaa(P)Ty(2,P)
Teroa 2t P Z 1Pl 2a (P ER LD ocatua

f (P)=ff, (t)ePhtt, f:.(P>=jzf2 (t)e-rtds
! P

vhere f,(f) andf, () are functions expresaing the law of varistion of veltage
at the generator's % . '

By determining, from the limit conditiona (1.5), the four constanta
entering into the solutiom of the systew {1.h) we shall find the solutien of
% (X, ﬁ 5 . then follgwing the theorem of conversion for the laplace integral,
’fm.u also determins 2.4 (2°,2). Thus, ve sball havs the formal solutiomn of
the prodleas. In esoh spacific case it is nacessary to show that the formal
soluticn éxists apd satisfiss the equations and the initial and limit conditicns.

2. lot ué sxamine jrapsga.tim of elsctromagnetic waves aleong two parallel,
seni-Rn2inite howogensous, single-wire lines, with initial curremt and voltage
both equal to zdro.

The nearest end of the first wire ile subjected to a voltage equal to
unity, vhile the nearest end of the second wire 1s grourdsd (Figure 2).

This problem leads o the solution of equations (1.1) in the semi-
interval ¢ & 00 with t >0 undor initial conditioms (1.2) and the limit
condisdons being :

%,(0,t)=l, 23(0,t)=0

Utilizing the method set forth in paragraph 1 the solution would appear
unler the form :

uk(x,ﬂ%,@ké'—fﬂk‘,"”-r,ﬂ_ﬂk (n )c":"-f-'A,Ak(—-ra.)e 'r‘z+»444k(r&_)t’"~'°‘ (2.2)
Eere A, (K= 1, 2, 5, &) reprevent arbitrary constants, and :
A, (r)=r24 (2,,Wa—22Wa )1 Az_(r)‘=—w,r’~+Z,_ (W wa—wia ¥ (2.%)
A3(r)=(zaw—2,Wia) 1, A (1= W hie2;; (w W= 2)
i sve = RS e
reprerdnt sdjuncticus and rcote with posisive parte of the cheractsristic equation
P4+/4p"'»,‘v B=0 , vasreupon - .
A=2z W —~2,wW,—2ZW 1 B= (2,23~2,. (W, Wa—W 2 (2.5)
:4L4B‘(22:&W1‘21“? —2z W, ) 4(2,2, "zza.z)(WIWz““'u:‘ =

=(2,W) =21 )* + 4 (2 W —ZaWa XEaWa = ZiaWa) (o
The final solition of the aystem (2.2) with X—> oo will be .

. . 2y tz, p)=Abp(~r)e " A Ly (—ri)e T (k=1,2.3.4) (5
By deteriaining.A) and A; from the 1imi% sonditions (2.1) ve shall have

(2.1)

_ - = ZW =23Wa
‘ '?“1"‘2',7: (1+x) e r"’-f-z-;—, (1~e)g =% (4 ‘\/IA 4B
. . e _ wy . T =hT Ll Tw -
- . o= L [F (1) + i Je "t [Bh(1—p) =2 1 [ '
17\?:__/:_,3_n1'+_§/e-rzl‘ ; (,a,:i%’i:_z‘;ﬂ:t’_) (2.8) .
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ZL‘,—"",&['EB;(/“",~'ﬂ-,.—f“§,2/“,]e—,'z 22 (1—p)— 52 g, Jo =75 ST

s Bimelly o a wtote AT estheareie o Arans fornat fon-we -shall have
a,Hm Z a+ia
Y I 2T > do { 1= B
Hy(z, U‘“i“!f Y N AT S Z5e" BEZL

w=io ™ aZia

(@, 0=y f[rr«/+ﬂ)+“”1/u/]e/°’"" "2+

alic
20

/
+ 371 K L*E—'—";‘-(/*ﬂ)*w"/c ]e/"z"' %E

-1 AT i

ug(x, 7?='- 5 e g P " ai/« eﬁt"z’#

a.-vu; a~feo
Uy (Z,t)=— -‘L{ S /1 (/+/()+_Vf'3_.,u/]el'r‘/}zé‘£—
- Fi P
A D«;l Cq,“ lq’Wn. " e &
— o S 9JL(/._./“)__ :u/,(,] rt=r, 4

a-ta

vhers Q-1 such that all the cheracteriatic points of W, on the left mide of the
siraight line representing Re(p)=a

If the expreawion (“.4) 18 an absolute aguars, rootas of agquaticn (2.4)
contain ane radical ant ccatour Integrals {2.9) are expressed by mesans of
functions of Lommel, starting from two imaginary indepsndent variables /9 7.

We mey point out thst cases which wsre examined previcusly are Eurtioﬂ.‘r
oagem of the carrelatians (2.6). Indeed, it is easy to ascertain that A hB’)!.s
a complete squars in the following cases: (1) single-conductor line /9, 10
2)220,W2 =20 ; (2) when for the symmetrized 1line /[ 3 7,2‘,-21,%:%3_’
and (3) in the cade examined by V I. Kovelenkov /5 7z,w 2 Z, Wy

If A2 - 4B 18 not an sbaciute aquare, tho problem for the time being.
18 to be solved by means of mumsrical methods.

3. Wewill show that tho formal soluticn obtained satisfies the problem's
conditions. The functiwmuy in the plane p have the following characteristics:
a pole of the first <rder st the origin of the coordinates and eight radiation
points dstermined by the eynstions A « LB = O, B= 0. BSupposing that oco-
efficients of p* in thess equations ars difturant from zero, the radiation poinkse
will be located in the terminal part of the plans p, i.e., there is a cirole cf
tyrninel radius Ry, with i1ts center at the coordinates’ origin, and containing
all tise characteristics of tbe function ¥, {Figure %).

Let us axaamlne tre contour L, repressnting the antire straight line
Re{p)=@ , parallel tc the Imaginary sxis ard located in {%e right samiplane
ead at a dJstanca & iron this axis.

let ur dewaignate by uyy (L) and o (L), the integrals represented in
the oum of the right merbor }" 93, vkei o In parenthosos the contour of
integration is iudicated, and vhsre tke sscond index indicates to which itea 1%
is related. Utilizing the asyuptotic representation of the roots ry and f,

of the oharacteristic equaticm

h=glv +Fip ’z""’/"l*”lp
vhere v; sl v, are dotermined accordiug to (1.3) and

lim rop /’)(I)) Im rap=01(1)
Jpl = oo ipl+ o

N
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wo 8hall easily shtalu the wsuresgions of the axponenta in thmals
(2.9); ’ e

Pt—ﬂx\?P'(t‘"% ) " lip % pEraX=p (R gy p¥
. A

With the ald of il-ue repreaentations, 11 is eagy to conviiice cnesslf
i . " that the multiples standing before exp p {t - x/v, ) dp and exp p ('~ x/vg )
dp of sublntegral expressicus (2.9), beghming with a certein R > R , matiafy
G - the canditions of the basic lemma of cperatiocmal calculation i, §7
’ i If t - x/v,< 0, ths integration mist be done by the contowr ABCA.
ERE In the zane limited by this contour, funsticn Wgy 40923 not have eny peculiari-
! Ty ties; ooneequently; integral uk; (ABCA) is squal to zero for any R. But
ug; (ABCA) = ug) (ABC) + wy, (CA) and acoording o the lemma lim uxy (ABC) = 0
with Re®and, therefors, lim ug, (CA)= 0 with R2-ou, that ia ug; (L) = 0.

If ¢ - x/v > 0, the integration is done by contour ADCA. In the zome
limited by this contuur, functions Ty have a speclal character. Therefore, SR
integral uy, (ADCA) 1s differont from zero and remains the same for any .
R >R,.
)

+f we note that uyy {AWA)=z Ui {ATC) + ug; (CA) and that according
to the lemme Lim u i {ADC)= O with Rew- 0o , sccordingly we have 1im Mg
(CA) # 0 with R>os; that 18 u,, (L)# 0. Consequently, the integrals u K1
(L) have disrupticns, corrssponding to wave fronts spreading vith veloeity v ,
detormined by the fermula {(1.3). '

In making aralngous anslyses for wty, (L), we £ind that in this case
the propagation velocity of wave fronts v, 16 determined by {1.3).

Therefore, the soiution (2.9) is twice disrupted. In adéition, if
t - IJV‘ < 0, t - x/v§< 0, then not cne of the waves has reached the point

e C e under conaideration. However, if t - z/v,( 0 and % - x/vl>,o or vice versa, f i
e then the wave u) . h&s reached the point, ani wave uK; has not, or vice versa. .
s Co iy If, howsver, t - X/w> 0 and ¢ - x/v4>' G, then both waves havo reached this
et CoL o point.
i A : .
Lot us prove that solution ug (L) satisfies the equaticns (1.1). : K

Wo ahall first lookwat integrals u (L). Ir t - x/v. 0, we take integral
u  (ABCA); as the subintegral exprecsions of integral u  (ABCA) are
holnomorphio functions, they can be differentiated eccording to parameters x and
t. In substituting ug, (ABCA) in equations (1.1). it is easy to coavince

' byt anegelf that they will be transformed into an identity for any R, and

N SR fangequently, in makiog uss of the lemma, we find that integrals uy, (L)
Y <L satisfy (1 .J.S. In en analogoue manner, we can prove that integrals uk; (L)

g vith ¢ - 2/v,>0 and ., (Lj witn t - x/v, 20 eatisfy the equaticns (1.1).

o el Let us prove that fuwsstions u, (L) and ug (L) eatisfy the limit
conditions (2.1). Actually, with x = O we hase

‘-‘:((J,f)=z';'_-(- SGFtlf'lf= l, Us{o,t)=0

L
7inally, lat us show that solution us (L) satiefies the initia)
conditions (1.2). As'a matter of fact, with L= ( We have for "

sk QltMgorixdp 1 © -4 g.rpxdp R
s ws (x0)zg, S 5 €TIRGE DY 7 SUUES RN
e ‘ . A8 Re (r, )>0 and Re (rp )>0, we find, in carrying out an

analysis analogous to¢ thcae mentioned amvove, that u; (x, o' = 0.

o In an abalsgove way, we can Prove thai the solution satisfies the BETRg
T other Initial conditions. oy
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. By way of exauple, let us examine a symmstrized line (3) that 18,

2,3 B,% 2 aod W, = vy o wo lu lile cuse, we have a=0,,= % &nd

f.‘=7';\/(p+1a,)(p +248,) , r*=1—,'; Vip+2a )(p+2Bs)  b2)

vheroe e .
B WLMCHC)s s 2oty » B7 oy

= *J(L+Mi’c —C:zj, otp = ‘i"("{im') + B,= _%c._c"%z_
and the integrale (2.0) will e’pear as follows ‘1)

y'_c i § f-rx_ée_’__ Sept-.rl""al‘

z 77wt ATL

ez (V8 & S"’;*;f; ertrade g
+ V—Cﬂﬁ- Ex T S ‘J i:;f:ePt—-\" )‘-4&; (%.3)

"‘”"{‘m& F*-‘*%H« - SeF"" e

.. F+10l1

"'”Vf‘-Fﬁ' N "—-Fr‘e”* ""i‘}

‘ Thege mtegrals vere previously calculated ; 9, 10/ and appear as
follows:
'{ (u'u +u'12-)l ul’T (U'g’ -+ u,.,_)
} : =
S Ugm EQ‘” FUL), Uss 3 (—ug,+ Uy,) (.4)

Horo,

- Uy =ept L, €)+n (68 a2 C)en(r, C)¢ 5 (o (O IHEF)

"‘L W= OPa"‘[I;((’j-H‘, (é,"k‘)'}‘ r, (ﬁz[,g/ +7 (TL,J C,_)-f'rz (']g ) ;:, \]H(f—%’.) ) )

Uy Vf S8 eomt [ R L)+ (8 D40 (8,0 () =

(k.5)

r;("l,,(_:)vf,(:}"_Cl_)]u(t_gl'.ﬁ ) o

e

- Up= -{Q_;_Gm: €-rat [‘yr%_z' (g - n 6. Q)+ r'—“‘;“z)'

- (rlg 'ct.)"‘ "z("b. ' 48)]”@"&'1;,)

CONFIDENTIAL

M Sanitized Copy Approved for Release 2011/06/24 CIA-RDP80-00809A000600210073-8



~ y R R LEVY AT N o A B e & - I T R Y Mgl =i R

Sanitized Copy Approved for Release 2011/06/24 : CIA-RDP80-00809A000600210073-8 Wi i

(ONFJPMML 50X1-HUM

vhere

P - o(l"f' ﬁf; 5‘, = O(,"BI'A m,='\l;,+ —v—é; » N =VO_‘:‘V—E

Gz wg+B2, 6 = p~Fas ”‘z:‘\/;'!f"ﬁ » Ny= Yoo — ﬁz

‘ - 2 -

é,- m, (t—-:%-'), 71.“’1"" (t_"'ir’f'")’ C,z oy 'th__(.%‘ﬁ 2
§2% m;(t—f;){ My =n; (t‘%'i) » Ly= 0 Vta'“(%; -

and B (y)= O with y <0, H {y)= 1 with y»o0. ]
' In exsmizing the formulas (4.4} we note that the inducing wave of voltage

u consists of the half-sum of a £a3t and slov wave, and the induced wave of

: voltege uy . cansists of the half-difference of these seme waves, With any

e interval.of tims t, the fast and slovw waves of the voltages will separate at

a distamcs L &{v,~— v, | t, and all along this distance the amplitudes of the

inducing and induced fast wave remain equal as to ‘their absclute value.

Let 1e. show now that with M, G, , Cy , approaching zero, there remains
anly tne inducing wave of voltages whereay the induced wave will disappear.
Aotuslly, with thie essumption sccarding to forrmlas (k.1), {4.2), and {k.5),
ve have ajmag 18, %Py 1K ii o) U > Uy and out of (%.L) there resulte ¢ *u,,

Uy +0, which 18 what we hed to prove.

Al) the cited conditions remain in force for waves of current.
Yor purposes of illustratiun, ws show in Table 1 and Figure U the results

of calculation faxr two single-conductor copper four-millimeter lines with the
constants / 11, 12 /, as fcllows:

Table 1 R=1aqg & .
t 3!5 37 meec > L= Mayxto*® '#m ]
x a 10 "5 T 6. LE R0 g

- m AN MBI U 3B C- esexio
D B0 Smy  oie  om  owm M- nmexiot ds
S wE g im0l G osxetapm

o oa@ She a2 3% Ow dTaxw

Iz using the methodo described in / 13/, we shall cbtain a eclution
of the problem for lines with receiving transmitting faciiities with any kind
of generatcr's at the near terminais.

In ccnolusion, T wish to express my thanks to V. I. Xovalenpov far
presenting ths problem, and to V. N. Kuznetsov and K. N. Luzin for valuable
advios in completing this work.
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